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The cluster state, the highly entangled multipartite initial state required for one-way quantum
computing, can be generated from a gas of ultracold atoms confined in a 2D optical lattice. In
practice, a systematic phase error is expected, resulting in imperfect cluster states. We present a
solution to this problem, wherein the teleportation protocol is necessarily stochastic if the value of
the phase error is not known.
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One-way quantum computing (1WQC) [1, 2] boasts
the advantage over the standard quantum circuit ap-
proach of allowing all entanglement to be prepared in
a single initial step prior to any logical operations. This
initial resource, known as the “cluster state,” is a highly
entangled multipartite state [3]. Universal quantum com-
putation is then achieved through adaptive single-qubit
measurements alone, thereby eliminating the trouble-
some requirement for controlled two-qubit operations.
While various experimental approaches to 1WQC have
been proposed, the use of neutral atoms in optical lat-
tices is particularly advantageous, due to the relative ef-
ficiency with which cluster states can be generated. Ini-
tially, a gas of ultracold bosonic two-level atoms is con-
fined in a 2D optical lattice. By increasing the depth of
the lattice potential, a Mott insulator state can be real-
ized, where each lattice site contains an integer number
of highly localized atoms [4]. Ideally, the gas density is
such that there is precisely one atom per lattice site, re-
sulting in a perfect square array of atomic qubits. Each
of these qubits must be initialized into the |+〉 state,
which can be achieved with extreme precision through
the application of a single global laser pulse. By tem-
porarily lowering the depth of the lattice potential, vir-
tual state-dependent tunneling can be induced between
nearest-neighbor atoms, resulting in Heisenberg or Ising
interactions [5, 6]. Alternatively, the laser polarizations
can be varied so as to induce state-dependent displace-
ments of the atoms’ positions, resulting in collisional
phase shifts [6, 7]. Both approaches lead to the simul-
taneous application of controlled-phase operators (CSφ)
between all neighboring pairs of qubits, where φ is pro-
portional to the intensity and duration of the interac-
tions.
Ideally, the interactions are tuned such that phases of
precisely φ = pi are accrued, resulting in perfect CZ op-
erators and maximal entanglement between neighboring
pairs of qubits. In practice, however, such precision is im-
possible, and a small systematic phase error of unknown
value θ is expected, yielding phases of φ = pi + θ. This
results in the generation of imperfect cluster states, built
from CSpi+θ operators, where the entanglement between
neighboring pairs of qubits is slightly non-maximal.
These systematic phase errors lead to unacceptably
large fidelity losses for cluster states of practical sizes,
similar to those resulting from the random phase errors
considered recently by Tame et al. [8]. While such ran-
dom errors may also be present, they would likely be
narrowly distributed about the systematic error value θ.
The situation is further complicated by the fact that the
cluster states are altered in such a manner that the stan-
dard stabilizer formalism can no longer be applied. Al-
though it has been shown that standard fault tolerance
schemes can be applied to 1WQC [9], such methods fail
to address this unique type of correlated error.
In this letter, we present a new approach to 1WQC
that in principle allows high-fidelity quantum computa-
tion to be performed despite the presence of the system-
atic phase errors. Our approach is based on a modifi-
cation of the teleportation primitive underlying 1WQC,
the output of which is distorted by the presence of the
phase error θ. We replace the teleportation primitive’s
original “one-bit protocol” [10] with a modified version
that is inherently stochastic. Whereas the one-bit proto-
col involves one single-qubit measurement on a two-qubit
chain (see Fig. 1(a)), the modified “stochastic protocol”
involves two single-qubit measurements on a three-qubit
chain (see Fig. 2(a)). The stochastic protocol is non-
deterministic, succeeding only with a certain probability.
When successful, teleportation is performed with perfect
fidelity, regardless of the value of θ; when unsuccessful,
the teleported state incurs a distortion similar to that
aﬄicting the one-bit protocol. However, we show that
these distorted states can be repaired via the concatena-
tion of additional teleportation primitives, thereby boost-
ing the success rate. Success of the protocol is flagged
by the outcome of a Clifford measurement, which can
be performed in advance of any algorithm-specific mea-
surements. High-fidelity algorithm-specific graph states
can therefore be distilled from imperfect cluster states
by selecting qubit chains containing a large number of
successful teleportations.
The stochastic protocol shares many common features
with the probabilistic quantum teleportation protocol
2proposed by Agrawal and Pati [11] as a modification to
the original quantum teleportation protocol of Bennett et
al. [12]. Their probabilistic protocol also succeeds with a
certain probability and flags success via the measurement
outcome. However, their protocol requires the degree
of non-maximal entanglement to be known in advance,
so that a two-qubit measurement in the commensurate
non-maximally entangled basis can be performed. In the
stochastic protocol, this two-qubit measurement is re-
placed by a CSpi+θ operator with unknown θ, followed
by two single-qubit measurements, one of which is a Clif-
ford measurement and can be performed in advance to
determine whether or not the teleportation will succeed.















where z ≡ (z1z2 · · · zN ), f(z) ≡
∑
〈ij〉 zizj , and 〈ij〉 de-
notes the set of all nearest-neighbor pairs of qubits. In
the second line, the state is expressed as a sum over all
N -partite σz-basis vectors, with coefficients (−eiθ)f(z).
The function f(z) gives the number of nearest-neighbor
pairs of qubits in the |11〉 state within basis vector |z〉.
Because the coefficients of the basis vectors are no longer
restricted to ±1 and ±i, the standard stabilizer formal-
ism built from the Pauli matrices (σx, σy, σz) cannot be
used to describe the imperfect cluster state.
The one-bit protocol is depicted in Fig. 1. Qubit 1,
initially in an arbitrary input state |ψin〉 = α |0〉+ β |1〉,
where |α|2 + |β|2 = 1, is measured in the ξ-basis,
with outcome m ∈ {0, 1}. The ξ-basis has eigenstates
(|0〉±eiξ |1〉)/√2, which lie in the σxσy plane of the Bloch
sphere, rotated from σx by angle ξ about the σz-axis. In
a perfect cluster state (θ = 0), qubit 2 acquires the out-
put state |ψout〉 = σxmHRz(ξ) |ψin〉 [10]. In an imper-
fect cluster state, however, the output state is no longer
σx


















where Nm is a normalization factor. This output state
cannot be expressed as |ψout〉 = U |ψin〉 for a unitary
operator U that is independent of the input state |ψin〉.
We therefore refer to this as a non-unitary distortion, in
the sense that different input states are not acted upon
by the same unitary operator. The resulting fidelity loss,








Spi+θ |ψout〉2 6= σx
mHRz(ξ) |ψin〉2
(b)
FIG. 1: The presence of the phase error, θ, distorts the out-
put of the one-bit protocol non-unitarily. (a) In the graph
representation, a square node denotes a qubit in an arbitrary
state |ψ〉, a circular node denotes a qubit in the |+〉 state,
and an edge between nodes labeled “pi+ θ” denotes entangle-
ment by a CSpi+θ operator. The contents of a node indicate
the angle of the measurement basis; an empty node indicates
an unmeasured output qubit. (b) The equivalent quantum
circuit diagram. The meter box denotes a σz-basis measure-
ment, with outcome m. The HRz(ξ) operation followed by a






∣∣ 〈ψout|σxmHRz(ξ) |ψin〉 ∣∣2




where the final expression was obtained by further av-
eraging over all possible input states. Although the fi-
delity loss will be small provided θ is small as expected,
any practical quantum algorithm will necessitate a long
sequence of concatenated teleportation primitives, over
which these fidelity losses will rapidly build up [8]. Fur-
thermore, unwanted qubits that are initially disentan-
gled via σz-basis measurements, to create an algorithm-
specific graph state, pass their phase errors to the re-
maining qubits. The latter issue, however, is easily re-
solved by initializing the unwanted qubits in a state that
is unaffected when the nearest-neighbor interactions are
induced (ie. the |0〉 state), instead of using σz-basis mea-
surements to disentangle them.
The stochastic protocol is depicted in Fig. 2. Qubit 1
is initially in some arbitrary state |ψ〉, while qubits 2 and
3 are still in the initialized |+〉 state. As with the one-bit
protocol, qubit 1 is measured in the ξ-basis with outcome
m. Qubit 2, however, is measured in the σx-basis, with
outcome m′.

















which clearly exhibits the application of a unitary op-
erator that is independent of the input state |ψin〉. In
this outcome, the systematic phase errors manifest them-
3ξWVUTPQRS pi+θ ? 0WVUTPQRS pi+θ ?WVUTPQRS
1 2 3
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6= U |ψin〉3 ; m
′ = 0
σz
mRz(ξ) |ψin〉3 ; m
′ = 1
(b)
FIG. 2: The stochastic protocol. (a) In the graph representation, edges labeled “pi + θ”, with an “×” at one end, denote
entanglement by a CSpi+θ operator, followed by I ⊗ σx. (b) The equivalent circuit diagram. Note the σx gates (X) and the
dependence of the output on the measurement result m′.
selves harmlessly as a global phase of eiθ/2. Thus, the
input state is teleported with perfect fidelity.
Conversely, if m′ = 0, then the teleportation fails,
yielding the output state
|ψout〉 = Nm0
[((





2α+ (−1)m (1− eiθ) ei ξ2 β)|1〉], (5)
whereNm0 is a normalization factor. In this output state,
a non-unitary distortion is incurred, similar to that af-
flicting the one-bit protocol.
The resulting fidelity loss, averaged over all possible


















where the final expression was obtained by further av-
eraging over all possible input states. This fidelity loss
scales as sin2(θ/2) and depends on the input state itself;
again similar to that of the original protocol (3).
Success of the teleportation is flagged by the mea-
surement outcome m′ = 1, and occurs with probabil-
ity 12 cos
2(θ/2). Remarkably, the stochastic protocol does
not require the phase error θ to be small compared to
pi. Even if θ is relatively large, indicating weak entangle-
ment, there is still a non-zero probability that the tele-
portation will succeed. Only in the θ = pi limit, cor-
responding to zero entanglement, does the probability
of success vanish entirely. In the θ = 0 limit, corre-
sponding to maximal entanglement, the probability of
success attains its maximum value of 1/2. In this limit,
however, the “failed” (m′ = 0) output state becomes
σxσz
(m+1)Rz(ξ) |ψin〉, exhibiting teleportation with per-
fect fidelity, so the protocol actually succeeds with unit
probability as expected.
The stochastic protocol only requires the phase errors
to be constant along any given dimension. The phase
errors between horizontal pairs of qubits can be com-
pletely different from the phase errors between vertical
pairs. This holds true as long as there is never a “bend”
in the middle of the protocol, such that qubits 1 and 2
form a horizontal pair while qubits 2 and 3 form a vertical
pair, or vice versa.
There are three important considerations pertaining to
the stochastic protocol:
First, the successful output (4) does not include the
Hadamard operator that was present in the one-bit pro-
tocol. The Rz(ξ) operator alone is not sufficient for gen-
erating the arbitrary single-qubit rotations required for
universal quantum computation. The Hadamard oper-
ator transforms σz-axis rotations into σx-axis rotations,
thereby allowing the general SU(2) rotation R(ξ, η, ζ) =
HRz(0)HRz(ζ)HRz(η)HRz(ξ) = Rz(ζ)Rx(η)Rz(ξ) to
be performed. It should be possible to insert the missing
Hadamard operators manually, via laser pulses, assuming
atoms within the optical lattice can be addressed individ-
ually. In fact, this assumption has already been implied,
as it is a necessary condition for measuring individual
atomic qubits within the optical lattice. Although single-
atom addressability remains an open problem, there has
been much recent progress toward a solution [13].
Second, the stochastic protocol requires σx operators
(X) to be applied between successive applications of
CSpi+θ operators. In an array of qubits initialized in
the |+〉 state, this is equivalent to applying the pair-wise
controlled phase −eiθ to the |1〉j |0〉j+1 states, instead of
to the |1〉j |1〉j+1 states. Fortunately, this pair-wise oper-
ation occurs naturally in the original proposal for entan-
gling ultracold atoms via collisional phase shifts [7]. Fur-
thermore, much recent experimental progress has been
achieved using the collisional phase shift approach [14].















where g{z} ≡ ∑i<j ziz¯j . The i < j notation indicates
that this new state is in some sense a “directed” cluster
state, as the left-to-right and top-to-bottom symmetry
has been broken. The |1〉j |0〉j+1 states that acquire the
controlled phase must be such that qubit j is always to the
4left (or top) of qubit j+1. Logical qubit states within the
directed cluster state must then flow from left-to-right
and top-to-bottom only.
Third, and most obvious, is that the probability of
success is at best 1/2, and a method for boosting the
success rate is desired. This is particularly important be-
cause the average fidelity loss per teleportation is larger
in the stochastic protocol (6) than in the one-bit proto-
col (3). The success rate can be improved by considering
a sequence of two concatenated teleportation primitives,
where the output of the first is the input of the second. If
the first teleportation fails (m′1 = 0), then the input state
of the second teleportation will be the distorted ouput
state (5). If the second teleportation also fails (m′2 = 0),
and qubit 1 is measured in the σx-basis (ξ2 = 0) with














Thus, the original input state, along with the σz-axis
rotation, is recovered with perfect fidelity; quantum me-
chanical proof that two wrongs can, with some probabil-
ity, make a right. However, if the outcome m2 = 0 is ob-
tained, then the output state becomes doubly distorted.
Finally, if the second teleportation succeeds (m′2 = 1)
then nothing is accomplished; the state is neither re-
paired nor distorted further. No matter how many con-
secutive distortions are incurred from (m,m′) = (0, 0)
outcomes along a sequence of concatenated teleportation
primitives, the original input state can always be recov-
ered by an equal number of (m,m′) = (1, 0) outcomes,
albeit with rapidly diminishing probability. In this man-
ner, the success rate can be improved to approximately
3/4 for small θ. However, the ultimate goal is to achieve
an arbitrarily high success rate.
Because the success of any given teleportation is de-
termined by the outcome of a σx-basis measurement, the
number of successful teleportations can be determined in
advance. This is due to the fact that σx-basis measure-
ments belong to the set of Clifford measurements, which
can be performed simultaneously before any algorithm-
specific ξ-basis measurements are performed [2]. Hori-
zontal qubit chains wherein the number of successful tele-
portations is determined to be unacceptably low may be
discarded in favor of more successful chains. However,
this procedure is complicated by the fact that the posi-
tions of the atoms in the optical lattice are fixed, and ver-
tical links between qubit chains are required for univer-
sal quantum computation. It may be necessary to apply
techniques such as quantum tweezers [15] or single-atom
conveyer belts [16] to shift atomic qubits within the lat-
tice, physically remove unwanted qubits, and align suc-
cessful chains. In this manner, algorithm-specific graph
states of arbitrarily high fidelity can be prepared in ad-
vance; distilled, in some sense, from imperfect directed
cluster states.
In conclusion, we have introduced a stochastic protocol
for the teleportation primitive underlying 1WQC that,
when successful, performs with perfect fidelity despite the
presence of systematic phase errors in the cluster state.
Distorted output states can be restored, and the success
of the protocol is flagged by measurement outcomes that
can be determined prior to performing any algorithm-
specific measurements. The success rate can therefore be
increased with the addition of resources. We have also
presented a new type of “directed” cluster state that is
required as the substrate for this protocol. Topics for
further investigation include a method for generating di-
rected cluster states from Ising interactions, procedures
for further enhancing the efficiency and success rate of
the protocol, and the use of phase estimation techniques
to accurately determine the value of θ.
We thank Nathan Babcock, Jop Briet, Hilary Carteret,
Peter Høyer, Mehdi Mhalla, Simon Perdrix, Rene´ Stock,
and Mark Tame for discussions. This work was sup-
ported by the Alberta Ingenuity Fund, the Natural Sci-
ences and Engineering Research Council of Canada, and
the Canada Foundation for Innovation.
∗ Electronic address: mgarrett@phas.ucalgary.ca
† Electronic address: feder@phas.ucalgary.ca
[1] R. Raussendorf and H. J. Briegel, Phys. Rev. Lett. 86,
5188 (2001).
[2] R. Raussendorf, D. E. Browne, and H. J. Briegel, Phys.
Rev. A 68, 022312 (2003).
[3] H. J. Briegel and R. Raussendorf, Phys. Rev. Lett. 86,
910 (2001).
[4] D. Jaksch et al., Phys. Rev. Lett. 81, 3108 (1998); M.
Greiner et al., Nature (London) 415, 39 (2002).
[5] L.-M. Duan, E. Demler, and M. D. Lukin, Phys. Rev.
Lett. 91, 090402 (2003).
[6] J. J. Garc´ia-Ripoll and J. I. Cirac, New J. Phys. 415, 39
(2002).
[7] D. Jaksch et al., Phys. Rev. Lett. 82, 1975 (1999).
[8] M. S. Tame, M. Paternostro, M. S. Kim, and V. Vedral,
Phys. Rev. A 72, 012319 (2005).
[9] M. A. Nielsen and C. M. Dawson, Phys. Rev. A 71,
042323 (2005); P. Aliferis and D. W. Leung, Phys. Rev.
A 73, 032308 (2006).
[10] X. Zhou, D. W. Leung, and I. L. Chuang, Phys. Rev. A
62, 052316 (2000); M. A. Nielsen, quant-ph/0504097.
[11] P. Agrawal and A. K. Pati, Phys. Lett. A 305, 12 (2002).
[12] C. H. Bennett et al., Phys. Rev. Lett. 70, 1895 (1993).
[13] D. S. Weiss et al., Phys. Rev. A 70, 040302(R) (2004);
T. Calarco et al., Phys. Rev. A 70, 012306 (2004); T. P.
Meyrath et al., Phys. Rev. A 71, 041604(R) (2005).
[14] O. Mandel et al., Phys. Rev. Lett. 91, 010407 (2003); O.
Mandel et al., Nature (London) 425, 937 (2003).
[15] R. B. Diener, B. Wu, M. G. Raizen, and Q. Niu, Phys.
Rev. Lett. 89, 070401 (2002).
[16] S. Kuhr et al., Science 293, 278 (2001).
